As is known, an elementary excitation of a many-particle system with boundaries is not characterized by a definite momentum. Here, we obtain the formula for the quasimomentum of an elementary excitation for a one-dimensional system of N spinless point bosons with zero boundary conditions (BCs). We also find that the dispersion law E(p) of the system with zero BCs coincides with that of a system with periodic BCs. The elementary excitations are defined within a new approach proposed earlier by the author. This approach is mathematically equivalent to the traditional approach by Lieb, but differs from it by a simpler way of enumeration of excited states and leads to a single dispersion law (instead of two ones in the Lieb's approach).
Introduction
The theory of point bosons [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] based on the Bethe ansatz is a valuable part of the physics of many-particle systems, since the system of equations for quasimomenta k j can be solved exactly at any coupling constant γ, and the thermodynamic quantities can be determined from the Yang-Yang equations [5] at any temperature. This allows one to test the solutions for real nonpoint bosons, the equations for which can rarely be solved.
The properties of a one-dimensional (1D) system of spinless point bosons are traditionally described in the frame of the Lieb-Lininger [2, 3] and Yang-Yang [5] approaches. In the present work, we describe the quasiparticles on the basis of a new approach [12, 13] , since this approach is simpler. In Section 3, we explain this approach and compare it with experimental data. Here, we note only that the dispersion law in the approach coincides with the dispersion law of Lieb's particle-like excitations. In the main part of this work (Section 4), we will obtain a formula for the quasimomentum p of a quasiparticle for a system of N point bosons under zero boundary conditions (BCs). Zero BCs means that Ψ(x 1 , . . . , x N ) = 0 on the boundaries.
Under periodic BCs, a quasiparticle possesses the momentum [3, 7, 9, 14, 15] 
where k i are the solutions for the ground state,ḱ i are the solutions for the state with one quasiparticle, and we seth = 1. Such way to introduce the momentum p of a quasiparticle is self-consistent: the thermodynamic velocity of sound (v th s = ∂P/∂ρ, P = −∂E 0 /∂L, ρ = mn) coincides with the microscopic one (v mic s = ∂E(p)/∂p| p→0 ) [3] .
Under zero BCs, the quasimomentum of a quasiparticle was found similarly to (1) [12, 16] :
However, in such approach the equality v th s = v mic s is strongly violated [12] . Below, we will define the quantity p in such a way that this difficulty disappears.
Basic equations
Consider N spinless point bosons placed on a one-dimensional (closed or open) segment of length L. The Schrödinger equation for such system reads
We use the units withh = 2m = 1. Under periodic BCs for each of the domains 
where k P l is one of k 1 , . . . , k N , and P means all permutations of k l . For zero BCs, the solution is a superposition of the set of counter-waves [6, 8] :
where k j = ε j |k j |, ε j = ±1. The energy of the system of point bosons is
Under periodic BCs, k j satisfy the system of Lieb-Liniger equations [2] (we present them in the form proposed by Gaudin [6, 8] ):
where n i are integers. For the ground state of the system, n i = 0 for all i = 1, . . . , N. Under zero BCs, k j satisfy the Gaudin's equations [6, 8] :
where n i are integers, n i ≥ 1. The ground state corresponds to n i = 1 for all i. We denote n = N/L and γ = c/n. The system of equations (7) has the unique real solution {k i } [9] , and Eqs. (8) have the unique real solution {|k i |} [17] . The positivity of all |k i | was not proved in [17] , but it is corroborated by the direct numerical solution of system (8) .
We recall the essence of the new approach [12, 13] and will carry out some new analysis. The traditional approach was developed in the classical works by Lieb and Lininger [2, 3] . The initial equations (7) and (8), on which the new approach is based, are well known [6, 8] but are not used in the analysis of systems. On the basis of those equations, we introduce the quasiparticles in a new way and present the thermodynamic description [12, 13] .
Consider a periodic system. In the traditional approach, the equations for k i are usually written in the following form [5] :
where I i are integers for odd N and half-integers for even N. The coincidence of two and more I i with different i is not admissible, since the corresponding k i coincide in this case, what is forbidden. Therefore, I i can be enumerated in the following way:
Gaudin noticed [6, 8] that the formula
allows one to write Eqs. (9) in the form (7) with
. The Gaudin's equations (7) and (8) underlie the new approach [12] . We may call it the n-approach, in accordance with the used quantum numbers n j .
As is well known, only the nonequivalent solutions make contribution to the partition function. For Eqs. (7), these are the solutions with
In the traditional approach, all nonequivalent solutions {k j } correspond to the collections of numbers {I j } satisfying condition (10) . In the n-approach, the same solutions are described by the collections {n j } satisfying condition (12) . It is easy to see that there exists the one-to-one correspondence between the solutions {k j } obtained in the traditional and new approaches. Indeed, if such correspondence would be lacking, then one of the approaches would give the solution that is absent in another approach. But it is impossible, since formula (11) is exact for α = 0. The equality α = 0 means that k i = k j =i , but this is forbidden. Therefore, all admissible solutions {k j } can be constructed in the traditional approach on the basis of Eqs. (9) and in the n-approach on the basis of Eqs. (7). That is, these approaches are mathematically equivalent: they are merely the different ways of enumeration of solutions {k j }. Since the energy (6) of the system is set only by the collection {k j }, the partition function must be identical in both approaches. Hence, the thermodynamic parameters must be also identical. In the traditional approach, the thermodynamic parameters are calculated with the help of the Yang-Yang equations [5] . The formulae for the n-approach were obtained in [12] . It was shown by the direct verification [13] that both approaches give the same solutions for the thermodynamic parameters. That is, the traditional and new approaches are equivalent with respect to the description of thermodynamic properties. However, they differ by a symmetry of the equations for k j , which leads to the different definitions of quasiparticles. In the n-approach, the ground state corresponds to n i = 0 for all i in Eqs. (7). This indicates clearly the way to introduce quasiparticles. Consider the ground state and change one of the n i in (7) . We obtain one quasiparticle. If we change n i with the other i, we get the second quasiparticle, and so on. A quasiparticle in the n-approach corresponds to a Lieb's particle-like excitation. However, in contrast to the Lieb's approach, other quasiparticles in the n-approach are absent. A Lieb's "hole" corresponds to two or more phonons defined according to the n-approach (in this case, each phonon possesses the minimum momentum; for the periodic BCs, p min = 2π/L). The state with (n j≤N −2 = 0, n N −1 = n N = 2) can be considered as two holes or two particle-like excitations. It is known that the simultaneous creation of three and more quasiparticles at the scattering is very improbable. Therefore, only a hole corresponding to two phonons can be created (i.e., a hole with p = ±4π/L). This means that, from all points of the dispersion curve E − (p) of holes, only one (lower) point can be observed as a peak.
It is known that the theory and experiment give a single dispersion law for He II. However, two and more codirected phonons (each phonon should possesse the minimal p) can be called "a type-II excitation". We obtain two dispersion laws, and the description of quasiparticles becomes more complicated. The Bose statistics for the quasiparticles is partially destroyed (since several codirected phonons with p = p min should be considered as an excitation of another type), but the thermodynamic description can be constructed, by starting from the general principles similarly to [5] . In this case, the experimental scattering peak does not correspond to type-II excitations. This picture is similar to the approach with particle-like and hole-like excitations. The separation into holes and "particles" is natural for Eqs. (9), but is not for Eqs. (7), though equations (9) and (7) are equivalent.
Since the traditional approach and n-approach are mathematically equivalent, they should equally agree with the experiment. However, it is meaningful to ask: Which of two descriptions (with one or two dispersion laws) is more physical? In our opinion, the napproach has some advantages in this aspect, since (i) this approach is simpler. In addition, (ii) the quasiparticles introduced according to the n-approach are described by the Bose statistics for any γ > 0 [12, 13] . One can see it from the following. If the locations of two quasiparticles are permuted in Eqs. (7), then the wave function of the system is invariable; in addition, many identical quasiparticles can exist. These two properties hold in the Lieb's approach too, if the hole is considered as a collection of "particles". In the n-approach, the ground state is characterized by identical n i for all i. Therefore, the partition function can be easily calculated [12] , and the final formula for the free energy
coincides with the known formula for He II. However, in the Lieb's approach, the ground state corresponds to the collection of different I i . Therefore, we cannot calculate the partition function like [12] , and it is necessary to use the Yang-Yang approach (which leads to Fermi-like formulae). (iii) The n-approach is in agreement with the Bogolyubov method [18] . The n-approach and the Bogolyubov method involve only one type of quasiparticles, and these quasiparticles are described by the same dispersion law at weak coupling. However, the hole-like excitations have no correspondence in the Bogolyubov method, and this well-known problem [3, 4] was not solved till now.
From the experimental point of view, the question can be formulated in the following way: Does the experimental dynamical structural factor S(p, ω) correspond to a single dispersion law or to two ones? The experiment [19] and the theory [20, 21, 22, 23] give only one scattering peak. This is in agreement with the n-approach. For the traditional approach, this means that holes and "particles" are not independent excitations. From the naive physical point of view, we may expect that S(p, ω) should be characterized by a single peak, whose location corresponds to the dispersion curve E(p) of the n-approach (it coincides with E + (p) of particle-like excitations). In the language of works [3, 4] , this assumption means that the quasiparticles and elementary excitations are the same things. The calculations confirm it for the uniform and nonuniform systems with not too large γ [20, 21, 22, 23] . For γ ≫ 1, the peak of S(p, ω) is broad and is shifted relative to the peak corresponding to the dispersion law E + (p) of "particles" [20, 21, 22, 23] . We are not ready to discuss the details of calculations and the experiment [19] , since we did not calculate S(p, ω). We remark only that the property S(p, ω < E − (p)) = 0 [20, 21, 22, 23] (for a uniform system at T = 0) is consistent with the n-approach and shows that the collection of phonons with the smallest momentum for each one (it is a hole) has the smallest energy for the given p; this is related to the shape of the curve E + (p). Apparently, the property S(p, ω < E − (p)) = 0 gives the unique way to observe the curve E − (p). We note that the calculation of S(p, ω) may be simplified with the use of the enumeration of excitations according to the n-approach.
Dirac believed that laws of nature correspond rather to those mathematical solutions, that possess a higher beauty. However, sometimes beauty means simplicity. The future studies will show which of the approaches is more effective. The formulae of the n-approach evidence that, for the weak and intermediate coupling, a 1D system of point bosons possesses solely bosonic properties. Only for the strong coupling, it reveals also fermionic properties. In addition, the n-approach involves only one type of quasiparticles. These properties show that the difference between 1D and 3D bosonic systems is not so large, as is commonly believed.
Definition of the quasimomentum of an elementary excitation
We now find how the quasimomentum of an elementary excitation can be determined under zero BCs. We introduce excitations according to the n-approach.
Under periodic BCs, the relation [2]
holds in the whole domain x 1 , . . . , x N ∈ [0, L]. Therefore, the system has the total momentum
and the momentum of a quasiparticle is given by formula (1). Under zero BCs, the relation
is not satisfied. Therefore, the system has no definite momentum. However, we may define the quasimomentum of an excitation. For this purpose, the total wave function Ψ(x 1 , . . . , x N ) of the system for the state with one quasiparticle should be presented as a product of the ground-state wave function and a function corresponding to two traveling counter-waves. But such representation is not yet known. Therefore, we will be based on indirect arguments. It is known that the momentum (quasimomentum) of a quasiparticle is quantized by the laws p j =h2πj/L under periodic BCs [18] and p j =hπj/L under zero BCs [24, 25] . The law p j =h2πj/L is related to the fact that, under periodic BCs, the operators of momentum and energy of a free particle correspond to the eigenfunctions
. Under zero BCs, only the operator of energy has eigenfunctions, namely, 2/L·sin (πjx/L). In this case, ε j = p 2 j /2m, where p j =hπj/L. For the system of many interacting bosons, the operatorψ(x, t) can be expanded in those basis functions, the Hamiltonian is diagonalized, and we have for quasiparticles p j =h2πj/L (j = ±1, ±2, . . .) for periodic BCs [18] and p j =hπj/L (j = 1, 2, . . .) for zero BCs [24, 25] . Starting from these relations, one can guess the formula for the momentum (quasimomentum).
Consider a periodic system. Equations (7) yield
It is seen that the quantity P = N j=1 k j is quantized in the same way as the momentum of an ensemble of quasiparticles [18] . Therefore, it is natural to identify P with the total momentum of the system (in the reference system, where the center of masses is at rest). We obtain that P 0 = N j=1 k j = 0 for the ground state and P 1 = N j=1 k j = 2πr/L for the state with one quasiparticle (n i≤N −1 = 0, n N = r > 0). The momentum of a quasiparticle
corresponds to formula (1) and to the secondary-quantization law p j =h2πj/L. We have solved system (7) numerically, found the energies of the ground and excited states, and obtained that the equality v holds with an error of < ∼ 0.02%. This error is caused by the inaccuracy of a numerical method and by the finiteness of the system (the equality v th s = v mic s must be exact in the thermodynamic limit and may be violated for small N, L). We now consider the system with zero BCs. Relation (8) yields
Introduce the quantity
then relations (18) and (19) yield
Since P (19) , (20) is quantized analogously to the quasimomentum of the ensemble of quasiparticles for an interacting system with zero BCs [25] , it is natural to identify P (19), (20) with this quasimomentum. It is essential that the quasiparticles are introduced for a system of point bosons in such a way that the total number of quasiparticles ≤ N [12, 13] (such limitation was not found for nonpoint bosons probably because all models are valid only for small numbers of quasiparticles). This limitation agrees with (20) . The smallest quasimomentum of the system corresponds to the ground state:
The quasimomentum of a quasiparticle is
where {|ḱ j |} and {|k j |} are solutions of the system (8) of Gaudin's equations for the states with one quasiparticle and without quasiparticles, respectively. Relations (20) , (22) yield
where r is equal to the value of n N for the state with one quasiparticle: r = n N = 2, 3, 4, . . .. We have obtained the quantity with the required law of quantization: p j = πj/L [24, 25] . The numerical analysis showed that the equality v is satisfied (with an error < ∼ 0.2% for n = 1, γ = 0.1, 1, 10).
Thus, we have obtained the formula for the quasimomentum of an elementary excitation for the system with zero BCs. It would be of interest to clarify which operator corresponds to quasimomentum (19) .
Let us find the dispersion law E(p) for systems with zero and periodic BCs. For zero BCs, we are based on (23) and the formula for the energy of a quasiparticle [3] 
Under periodic BCs, we use formulae (17) and (24) . We find the solutions {ḱ i } and {k i } from system (7) under periodic BCs and from system (8) under zero BCs. In this case, {ḱ i } corresponds to the state with one quasiparticle (n i≤N −1 = 0, n N = r under periodic BCs and n i≤N −1 = 1, n N = r > 1 under zero BCs), whereas {k i } corresponds to the ground state (n i≤N = 0 under periodic BCs and n i≤N = 1 under zero BCs). We have solved system (7), (8) numerically and determined the dispersion law E(p) for zero and periodic BCs. As is seen from Fig. 1 , the dispersion laws E(p) under periodic and zero BCs coincide (a small difference < ∼ 0.5 % is caused by the surface contribution △E(p) ∼ E(p)/N > 0 arising under zero BCs and by the error of a numerical method). The direct numerical solution of systems (7) and (8) indicates that the ground-state energy (E 0 ) under zero BCs exceeds E 0 under periodic BCs by a small surface contribution △E ∼ E 0 /N [12] . For interacting nonpoint bosons, the picture is analogous: at any repulsive interatomic potential, the values of E 0 and E(p) of a 1D system with zero BCs [25] coincide with E 0 and E(p) of the periodic system [18] . Moreover, for a 1D system of interacting bosons it was found in the hydrodynamic approximation that the sound velocity is identical under periodic and zero BCs [24] . It is of interest that, for γ = 1, the dispersion law ( Fig. 1 ) differs from the Bogolyubov law only by 5%. In this case, the available criterion of applicability of the Bogolyubov model in the 1D case for zero and periodic BCs is as follows [25] :
According to (25) , it should be γ → 0 as N → ∞. But the solutions E 0 and E(p) for point bosons are close to the Bogolyubov solutions even at N → ∞, γ ∼ 1 (as for periodic BCs, see [2, 3] ; for zero BCs it was found [12] that the energy levels E(n N ) obtained in the limit N → ∞ coincide (with an error of 1%) with E(n N ) found by a direct numerical (7) and (8) solving of Eqs. (8) at N = 1000. Therefore, the dispersion law E(p)| N →∞ coincides with the above-found one E(p)| N =1000 and is close to the Bogolyubov law at γ < ∼ 1). We remark that, at γ = 10, the dispersion law (see Fig. 1 ) is closer to the Bogolyubov law, than to the Girardeau's law. Though it would be expected the opposite situation, since the Girardeau's formula is exact at γ = +∞, whereas the Bogolyubov formula loses its meaning at such γ.
The reason for the applicability of the Bogolyubov model for not small γ is yet unclear. It was obtained [12] that the dispersion law E(p) under zero BCs strongly differs from the dispersion law under periodic BCs. However, this difference is unphysical: it arose because formula (2) was used under zero BCs instead of formula (22) .
Conclusion
According to the approach proposed in [12, 13] , a 1D system of spinless point bosons can be described in terms of elementary excitations of a single type, which corresponds to Lieb's particle-like excitations [3] . We have found the formula for the quasimomentum of an elementary excitation for zero boundary conditions. The analysis implies that the formula for the quasimomentum depends on the boundary conditions and can be obtained from the equations for k j . In addition, we have compared the new [12, 13] and traditional [3] ways of introduction of quasiparticles from the viewpoints of theory and experiment.
